We prove that the size of the super summit set of a braid can grow exponentially with the canonical length of the braid, even for pseudo-Anosov braids.
is pseudo-Anosov and has a super summit set whose cardinality is at least 2 2k−2 .
It is interesting to note that, on the other hand, the set of sliding circuits of this family of braids is as small as possible (Lemma 2.4). This is relevant to a conjecture, well known to the specialists of the domain:
Conjecture. For all n, there exists a polynomial P n such that, for every pseudo-Anosov braid x with n strings and with canonical length , the cardinality of the set of sliding circuits of x is at most P n ( ).
the monoid of positive braids B + n , which is embedded in B n , is defined by the same presentation, interpreted as a presentation of monoids.
For m n, we denote ∆ m the element of B + n defined by ∆ m = (σ 1 · · · σ m−1 )(σ 1 · · · σ m−2 ) · · · (σ 1 σ 2 )σ 1 and we will denote ∆ = ∆ n ∈ B + n . The pair (B + n , ∆) defines what we call a Garside structure on B n . Without giving the complete definition, here are some properties of such a structure. The group B n is endowed with an order defined by x y ⇔ x −1 y ∈ B + n . If x y, we say that x is a prefix of y. Any two elements x, y of B n have a unique greatest common prefix.
We also define by x y ⇔ xy −1 ∈ B + n . Note that x y is not equivalent to y x. The elements of the set {x ∈ B n , 1 x ∆} are called simple braids. 
Definition 1.2 (left-weighting

Definition 1.4 (left normal form).
In the previous proposition, the writing x = ∆ p x 1 · · · x r is called the left normal form of x, p is called the infimum of x and is denoted by inf x, p + r is the supremum of x and is denoted by sup x, and r is called the canonical length of x.
Furthermore, we denote by
, and φ(x) = x r its final factor. Definition 1.5 (super summit set). Let x ∈ B n . We call super summit set of x (abbreviated SSS) the set of the conjugates of x with the minimal canonical length.
Obviously, if x and y are conjugate, they have the same super summit set: thus the super summit set is an invariant of the conjugacy class. Definition 1.6 (cycling, decycling). Let x ∈ B n , and let x = ∆ p x 1 · · · x r be its normal form. If r 1, we define
where x 1 = ι(x) = x 1 or ∆ −1 x 1 ∆, and x r = φ(x) = x r or ∆ −1 x r ∆, depending on the parity of p. If r = 0, the cycling and the decycling of x are equal to x itself.
An interesting property of the cycling and decycling operations is that they preserve the SSS. Moreover, from any braid, we can obtain an element of its SSS by applying a finite number of cyclings and decyclings [6] .
Another type of conjugation is the cyclic sliding [8] .
Definition 1.7 (cyclic sliding). We call preferred prefix of x the greatest common prefix of ι(x) and ∂φ(x) = φ(x) −1 ∆. The cyclic sliding is defined as the conjugation by the preferred prefix.
The cyclic sliding also preserves the super summit set. The operation of cyclic sliding is ultimately periodic, because it does not increase the length of the braid. This allows us to define another invariant of conjugacy classes [8] : Definition 1.8 (set of sliding circuits). We call set of sliding circuits of a braid x (abbreviated SC) the set of the conjugates of x that are periodic points of the cyclic sliding.
The SC of x is a subset of its SSS [8] . A rigid braid, by definition, belongs necessarily to its SC, since it is a periodic point of period 1 of the cyclic sliding operation.
A family of pseudo-Anosov braids
Let k 2 be an integer. Let us define the following braid with 5 strings:
where δ 3 = σ 2 σ 1 . Recall that we also have ∆ 3 = σ 2 σ 1 σ 2 .
Lemma 2.1. The left normal form of β k is given by the following factorisation
In particular, inf β k = 0 and sup β k = 4k − 1.
Proof. We easily check that this writing is indeed equal to β k (recall that ∆ 2 3 = δ 3 3 ), that each of these factors is a simple braid, and that two successive factors are left-weighted. (See Figure 1 .) Let us also consider the braid Indeed, β k has the same canonical length as one of its conjugates that lies in its SC, and thus in its SSS.
Proof of Lemma 2.2. The braidβ k is obtained by conjugating
We observe that this braid is rigid, and consequently, belongs to the SC of β k . Furthermore, we have infβ k = 0 and supβ k = 4k − 1.
The SC has only one orbit under cycling or conjugation by ∆ Lemma 2.4. The SC of β k is reduced to the orbit ofβ k under the operation of cycling or conjugation by ∆.
We shall denote this orbit under cycling and conjugation by O(β k ). Note that, because of the rigidity ofβ k , a cycling ofβ k is just a cyclic permutation of its factors.
The proof is based on the following two lemmas: Lemma 2.6 gathers some results proved in [7] or in [2] (Section 3.3), and Lemma 2.7 is stated and proven in [10] (Lemma 6.1).
Definition 2.5 (transport)
. Let x ∈ B n be in its super summit set. Let s be a simple braid such that y = s −1 xs is in the super summit set of x. Let x = ι(x) −1 xι(x) and y = ι(y) −1 yι(y) be the braids obtained by cycling from x and y, respectively. We call transport of s the braid s (1) = ι(x) −1 sι(y), that is to say the braid s (1) such that y = (s (1) ) −1 x s (1) . (1) is simple. Moreover, for s and t simple, s t implies s (1) t (1) , and (ι(x)) ( 
Lemma 2.6. If s is simple, s
Proof of Lemma 2.4. Let ι = ι(β k ) = σ 1 σ 3 be the initial factor ofβ k and φ = φ(β k ) = δ 3 σ 4 σ 3 σ 4 its final factor, and ∂φ = σ 2 σ 1 σ 3 σ 2 σ 4 the complement of φ (that is, φ · ∂φ = ∆). Let us show that for each strict prefix p of ι or of ∂φ, the braid p −1β k p does not belong to the SC ofβ k .
Let us list the strict prefixes of ι and ∂φ. The strict prefixes of ι = σ
k p.
• For σ 1 :
the last line being in left normal form.
• For σ 3 :
• For σ 2 :
• For σ 2 σ 1 :
• For σ 2 σ 3 :
• For σ 2 σ 1 σ 3 :
• For σ 2 σ 3 σ 4 :
• For σ 2 σ 1 σ 3 σ 2 :
• For σ 2 σ 1 σ 3 σ 4 :
We observe that the canonical length of σ
is 4k, so that these elements are not in the SSS ofβ k , and a fortiori not in its SC.
As to σ
, they certainly are in the SSS, but they are not rigid, and so they cannot be in the SC, because if the SC contains one rigid element, then all its elements are rigid (see Corollary 11 in [8] ). Now, Lemmas 2.6 and 2.7 allow us to conclude. Let us assume that there exists a braid α in the set of sliding circuits ofβ k which is not in O(β k ). According to Lemma 2.7, there is a sequenceβ k = α 1 , α 2 , . . . , α r , α r+1 = α of elements in the set of sliding circuits that verify the conclusions of the Lemma 2.7. Let i be the smallest index such that α 1 , . . . , α i are in O(β k ) and α i+1 is not. We denote by s the braid by which α i is conjugated to get α i+1 . According to Lemma 2.7, it is a simple braid which is a prefix of ι(α i ) or ∂φ(α i ).
Let α i = γ 0 , γ 1 , . . . , γ t =β k be the elements of O(β k ) such that γ j+1 is obtained from γ j by cycling (or, if necessary, γ t = ∆ −1 γ t−1 ∆). According to Lemma 2.6, the transport s (1) of s is a simple braid, prefix of ι(γ 1 ) or of ∂φ(γ 1 ). We define by induction s (j+1) = (s (j) ) (1) (or, if necessary, s (t) = ∆ −1 s (t−1) ∆). Still according to Lemma 2.6 (and, if necessary, to the fact that the conjugate by ∆ of a prefix of ι(x) is a prefix of ι(∆ −1 x∆)), for all j, s (j) is a prefix of ι(γ j ) or of ∂φ(γ j ). In particular, s (t) is a prefix of ι(β k ) or of ∂φ(β k ). Soβ k is sent by conjugation by s (t) to a braid that is not in its orbit O(β k ), since it is in the orbit of α i+1 . But this is impossible: according to the exhaustive case checking above, the conjugate ofβ k by a strict prefix of ι(β k ) or of ∂φ(β k ) is never an element of the set of sliding circuits, and the conjugates by ι(β k ) and ∂φ(β k ) themselves are elements of O(β k ).
Round reduction curves
We want to prove the following theorem Theorem 2.8. The braidβ k (and thus also the braid β k , which is conjugated to it) is pseudo-Anosov.
First of all, it is easy to show the Lemma 2.9. The braidβ k is not periodic.
Proof. Ifβ k was periodic, one of its powers would be equal to a power of ∆. Butβ k is rigid with infβ k = 0, so the left normal form of a power ofβ k is directly obtained by juxtaposing that ofβ k the suitable number of times. It is then obvious that it is not a power of ∆.
It remains to prove thatβ k is not reducible. The following result (Corollary 4.3 in [9] ) allows us to reduce to the case of round curves (i.e. homotopic to a circle): A corollary of this last result is that, if an element of the SC sends a round curve to a round curve, then so do the braids obtained by applying cyclings to it (and so do, of course, their conjugates by ∆). Now, according to Lemma 2.4, the SC is reduced to only one orbit under cycling or conjugation by ∆. Hence it suffices to show thatβ k does not send any round curve to a round curve: this will imply that no element of the SC sends any round curve to a round curve, and then, due to Proposition 2.10, thatβ k is not reducible. Figure 3 shows all the essential round curves for a braid with 5 strings. Let us check that none of these curves is sent byβ k to a round curve. Let us remark that, still according to Proposition 2.11, it suffices that a braid consisting of the first factors ofβ k transforms the round curve to a curve that is not round, in order to be sure that the final image is not round.
Let us check this explicitly for each of the round curves in Figure 3 . After applying the first factor σ 1 σ 3 , only the images of the curves a), c), g) and h) are still round. These four are transformed into themselves, and so remain unchanged after applying (σ 1 σ 3 ) 2k−2 . The factor σ 3 σ 4 ∆ 3 transforms a) into b), whereas the images of c), g) and h) are no longer round. By ∆ 3 σ 4 , b) is again transformed into a), then applying the elements δ 3 σ 4 and a) 
is pseudo-Anosov, and the cardinality of its super summit set is at least 2 2k−2 .
Proof. We have already seen in Section 2 that the braid is pseudo-Anosov. Let α 11 = σ 1 , α 12 = σ 1 σ 2 , α 21 = σ 2 σ 1 and α 22 = σ 2 , so that for all i, j ∈ {1, 2}, S(α ij ) = {σ i } and F (α ij ) = {σ j }, where S(x) is the set of the generators σ l such that σ l x, and F (x) is the set of the σ l such that x σ l . If we choose a sequence of elements i 1 , . . . , i 2k−2 ∈ {1, 2}, we denote
On the one hand, the simple braids δ 3 σ 4 σ 3 σ 4 and σ 3 σ 4 α 1i 1 are left-weighted, and this is also the case for σ 3 σ 4 α 1i 1 and σ 4 α i 1 i 2 , for σ 4 α i 1 i 2 and σ 4 α i 2 i 3 , etc. On the other hand, we can calculate the left normal form of (α 1i 1 α i 1 i 2 · · · α i 2k−3 i 2k−2 ) −1 , seen as a braid with 3 strings: the left normal form of a braid can be easily expressed in terms of its inverse (see [6] ). That of (α (i 1 , . . . , i 2k−2 ) lead to 2 2k−2 distinct elements in the super summit set of β k .
